embedding n: M / of M into a complex surface /(a complex manifold of dimension two), we consider the question to what extent can one simplify the structure of the set of complex tangents of n by a regular homotopy (resp. isotopy) of immersions (resp. embeddings).
Recall that a point p e M is called a complex tangent of n if the tangent space n,(TpM) is a complex linear subspace (a complex line) in Ttp)'. The immersion is totally real at every point that is not a complex tangent. An immersion without complex tangents is said to be totally real. When M is orientable and we choose an orientation on M, then every complex tangent p of n is either positive or negative, depending on whether the orientation on n,(TpM) induced from TpM by n, agrees or disagrees with the canonical orientation of n,(TpM) as a complex line.
Recall that a regular homotopy is a family of immersions nt: M /, [0, 1], such that nt and all its derivatives depend continuously on the parameter t. Immersions no and nl are regularly homotopic if there exists a regular homotopy connecting no to n 1. If all immersions in the family nt are embeddings, we call nt an isotopy of embeddings.
Thom's transversality theorem (see [1] or [2] ) implies that a generic immersion n: M ' only has isolated complex tangents, and its double points are transverse self-intersections (normal crossings) that avoid the complex tangents of n. In this paper we shall only study immersions satisfying these properties, and we will not mention this again. Recall from Bishop [9] that a generic complex tangent is either elliptic or hyperbolic; a simple calculation (see [16] ) shows that the elliptic points have index + and the hyperbolic points index -1. Thus, if only has e elliptic and h hyperbolic complex tangents, we have I(r0 e h.
Next, we recall the relevant properties of the index I(n). It is related to the Euler number z(M) of M and the normal Euler number ;t(n; ') of the immersion by the formula that was proved by Eliashberg and Harlamov [24] and Webster [33] . The special case when M is an embedded orientable surface in C 2 was proved earlier by Bishop [9] ; in that case the normal Euler number vanishes, and hence
I(M) jr(M)= 2-20
where 0 is the genus of M. See also [12] and [16] . When ' C2, we also have I(r0 ;t(M) 2d(r0 (mod 2 if M is unorientable)
where d(n) is the number of double points of the immersion , counted algebraically as in Whitney [36] . This follows from (1) and from the elementary observation ;t(r; C2) + 2d(n) 0 (mod 2 if M is unorientable); see I-6, p. 597].
The formulas (1) and (2) provide obstructions to the existence of totally real embeddings or immersions. For instance, if M is orientable and embedded totally real into C2, we get z(M)= I(M) 0, and hence M is the torus. Wells proved in [35] that every closed real n-manifold M that embeds totally real into C" has Euler number zero. Another consequence of (2) is that a surface with odd Euler number admits no totally real immersions into C 2 (Corollary 1.5(a) below).
If M is oriented and 7" M -, C 2 is an immersion, it is known that the positive and the negative indices are equal:
I+(:) I_()= I(:)/2.
(See [10] , [12] , or [24] .) We shall give a very simple proof of this fact in Proposition [23] and [24] this problem was reduced to the question about possible normal bundles of real 2-surfaces in a complex 2-dimensional manifold. This is a classical problem which was solved in the case ' (22 by Massey [29] who proved a conjecture by Whitney. It seems that the explicit computations were never published anywhere (except some special cases); so it seems useful to summarize these facts in one paper. We also find new totally real embeddings of some unorientable surfaces into the complex projective plane (Theorem 1.6).
We Gromov [21] , [23] (see also [15] ): ,4 connected closed 2n-dimensional manifold M admits a totally real embedding into C2n/f and only if its complexified tangent bundle is trivial and z(M) 0 (mod 4 if M is unorientable). For surfaces our approach in the present paper is simpler than the one in [23] or [15] since we do not use Whitney's method [36] Proof. Parts (a) and (b) follow from Corollary 1.2 and the formula I+(rc)-
. If the set of complex tangents of an embedding is connected, all complex tangents are of the same sign, and the same holds after a generic perturbation. Thus, at least one of the numbers I+/-equals zero whence g 1.
From (2) we see that I(rc) 0 implies d(rc) z(M)/2 1 g. We shall construct a totally real immersion with gl double points in Section 3 (following the proof of Proposition 3.1). This will prove (c).
Remark. Apropos (a), T. Fiedler [13] [8] , and Gromov [22] . If [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] , [16] ).
Let G G(n, 2n) denote the Grassmann manifold of oriented real n-dimensional subspaces of C. For each g G we choose n vectors X1, X in C that form a positively oriented real orthonormal basis of g and denote by X the complex n x n matrix with the jth column Xj. We set z(g) det(X). If Y (Y,..., Y) is another such basis of g, then Y XA for some real orthogonal matrix A SO(n, R) whence det Y det X. Thus, we have a well-defined function z: G C such that Gtr G\z-I(0) is precisely the set of all oriented totally real n-dimensional subspaces of C". We collect the basic properties of the index that we shall use in the sequel. M {(z, 0(z)) C2: z U}.
Let z x + iy and w be the variables on C2. The vectors (8) Let n: M' be an immersion with isolated complex tangents Pl, Pz Pm M.
Recall that the index of n is the integer I(n)= '=11(pfi n). (This is to be distinguished from the index homomorphism I defined by (6)!)
The last definition of the index I(p; n) gives a simple proof of the formula (1), due to Webster [33] " Let X be a tangent vector field on M with isolated zeros that avoid the set of complex tangents of n. Then X is a normal vector field of n with isolated zeros at zeros of X and also at each complex tangent of n. If p M is a zero of X (so p is not a complex tangent of n), then we have Indp X + Indp X 0. Hence, the sum of indices of X and X at all critical points equals I(n). However, the total index of X equals it(M), and that of X equals it(M; //); so we obtain (1) .
Recall that for an oriented M we have defined I+(n) and I_(n) by summing up Proof. The property (a) is well known (see [32] ), and (c) follows from the construction. Together with (1) we get (b), although this is also well known (see [30] ).
We shall now consider some immersions and embeddings of the two-sphere S2, the torus T, and the projective plane RP 2 into C2. To begin with we construct the totally real immersed orientable surfaces required in Corollary 1.4(d). An explicit Lagrangian (whence totally, real) immersion of the n-sphere into C" with one double point can be found in Weinstein [34, Let P be the reflection of P as explained above, so that Z(I; (22) The cited Lemma 2.1.7 is proved in [21] and is completely elementary. Most likely, the lemma is older than the reference [21] . In fact, this lemma is the heart of the matter of Gromov Our goal is to show that we can holomorphically spread a neighborhood of 2 in V as a graph of a complex function over a simply connected region in C, provided of course that 2 preserves the canonical orientation at the two endpoints. This will enable us to complete the proof using Lemma 4.1.
On 2 we choose a pair of smooth R-linearly independent (1, 0) vector fields X and Y that are tangent to V and such that X is also tangent to 2. The assumptions imply that X and Y are C-linearly independent except at the two endpoints Zo(Po z and o(Pl)= zl of 2.
Write X X and choose another vector field X along 2 that is C-linearly independent of Xx. Then Y aX + bX 2 for some smooth complex valued functions a and b. Let Z cX + Xz, where the smooth function c on 2 will be deter- We must see that dp(z) 4= 0 at points z not on M but sufficiently close to M. On U we have dp (1 zs)dpo + 74dps + dzs(P-Po).
The last term vanishes to second order on M U. 
